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Motivation for High-Mom. Form Factor Study

Current experimental status : 

• proton: up to Q2 ~ 8.5 GeV2 

• neutron: up to Q2 ~ 3.4 GeV2

Jefferson Lab

Ongoing experimental activity @CEBAF 
• high-resolution spectrometer, Hall A 

•       up to Q2 = 17.5 GeV2 

• Halls B, C 
•       up to Q2 = 14 GeV2 

•                    up to Q2 = 6.9 GeV2 
• new Super-BigBite Spectrometer, Hall A 

•             up to Q2 = 15 GeV2 

•             up to Q2 = 10.2 GeV2 
•       up to Q2 = 18 GeV2
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Fig. 37. The projected error bars for the approved nucleon form factors experiments at Jefferson Lab in the 12 GeV era. For the
Hall A SBS experiment E12-07-108 [334], the anticipated error bars on the ratio µpGEp/GMp are shown as filled circles (cyan).
The anticipated error bars on the ratio GEn/GMn are shown as filled squares (magenta) for the Hall A SBS experiment E12-09-
016 [335] and as filled diamonds (cyan) for the Hall C experiment E12-11-009 [336]. The anticipated error bars for GMp/µpGD

from the Hall A experiment E12-09-019 [333] are shown with square symbols (magenta). Finally the ratio GMn/µnGD will be
measured in two experiments: E12-09-019 in Hall A [338] and E12-07-104 in Hall B [337]. The expected error bars are shown as
empty circles (magenta) and filled stars (cyan), respectively.

One of the most stringent constraints that nucleon
elastic form factor data at large Q2 can provide, relates
to the issue of the various contributions from quarks, glu-
ons, and orbital angular momentum to the total angular
momentum of the nucleon. The elastic form factors also
provide a powerful check of lattice QCD. The lattice calcu-
lations of form factors are making impressive progress, and
the comparison of these results with experimental mea-
surements will be extremely important. There is an indi-
cation from the results of GEp(3) experiment that we may
be entering the range of momentum transfers where the
pQCD prediction is vindicated. Yet a continuation of the
fast decrease of the ratio toward negative values cannot
be excluded. Great progress in the theoretical description
of the structure of the nucleons can be expected.
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Theory implications : 
• Transition to perturbative scaling 
• Phenomenology of nucleon constituents 
• Input to GPD analysis
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Simulation details

Current: two Nf=2+1 Wilson-clover ensembles [JLab/W&M] 

different m𝜋 and lattice volumes, ≈ same lattice spacing 0.09fm

Computational resources: BNL Institutional Cluster 

Software: Qlua + QUDA-MG for propagators + QUDA-based contractions on GPU  
(including straight and staple gauge link paths for qPDF and TMD operators)

D5-ensemble: � = 6.3, a = 0.094 fm, a�1 = 2.10 GeV

323 ⇥ 64, L = 3.01 fm

aµl -0.2390

aµs -0.2050

 0.132943

Csw 1.205366

m⇡ (MeV) 280

m⇡L 4.26

Statistics 86144

D6-ensemble: � = 6.3, a = 0.091 fm, a�1 = 2.17 GeV

483 ⇥ 96, L = 4.37 fm

aµl -0.2416

aµs -0.2050

 0.133035

Csw 1.205366

m⇡ (MeV) 170

m⇡L 3.76

Statistics 50176
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Effective Energy
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• two-state fits to our lattice data are of 
good quality 

• horizontal line from                              
using lattice value of mN 

• ground state energy slightly 
overestimates cont. dispersion relation  

• excited states faint after ~ ts/a = 9 

E = m2
N + p2

Potential excited state contamination  
is a major concern
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Form Factor Results I: F2/F1 for the Proton

that at sufficiently high values of Q2, the Dirac form factor F
1

should scale like 1/Q4, and the Pauli
form factor F

2

should scale like 1/Q6. Their reasoning has an appealing simplicity. In elastic scatter-
ing, for F

1

, if the three quarks in the final state are to emerge in the ground state, they must exchange
gluons in the process. For three quarks, there will be two gluon exchanges, each associated with a
factor of 1/Q2, resulting in scaling that goes like 1/Q4. For F

2

, assuming the quarks are moving in a
collinear fashion (with no relative transverse motion) a spin flip is involved, resulting in an additional
factor of 1/Q2. In Fig. 6.2a, we show early data from SLAC on F p

1

in which scaling behavior appears
to begin at a Q2 of around 10 GeV2. Accurate high-Q2 data on the ratio F

2

/F
1

, which according to
the scaling rules of Brodsky and Farrar should scale like 1/Q2, were not available until JLab came on
line. With the publication by Jones et al. of Ref. [30], however, it became clear that both G

p

E
/Gp

M
and

similarly F p

2

/F p

1

did not behave as expected, and showed no evidence of scaling over the range of Q2

for which accurate measurements were made. The failure of this scaling, and equivalently the failure
of G

p

E
/Gp

M
to remain constant, came as a great surprise, and is viewed by many as the most striking

result to date to come out of JLab.

Figure 6.2: Shown in (a) are early SLAC data in which Q2F p

1

is plotted versus Q2. Scaling is clearly visible
above something like 10 GeV2. In (b), data on Q2F p

2

/F p

1

are plotted, and scaling is clearly not visible. In both
plots, the solid lines represent calculations involving model-independent sum rules of GPDs. In (b), the lines
show pQCD calculations by Belitsky, Ji, and Yuan [38] that predict Q2 F

2

/F
1

/ ln2(Q2/⇤2), where ⇤ is a
non-perturbative mass scale.

Clearly, a more sophisticated description is needed to describe some of the new FF data. One
approach involves calculations of the FFs using model-independent sum rules of generalized parton
distributions (GPDs). The results of such calculations are shown in both Figs. 6.2a and b with the solid
lines. We will discuss this approach further in a subsequent section. Another approach is a pQCD
calculation performed by Belitsky, Ji, and Yuan [38]. In their calculation, they relaxed the assump-
tion of Brodsky and Farrar that the quarks were moving collinearly with the proton. They included
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• experimental data: up to Q2 ~8.5 GeV2 
•      - dependence compares well with exp. data and phenom. parametrization  
•                                                scaling reproduced 
• consistency between on-axis / x-y diagonal boost momentum for D5

W. M. Alberico et al. [arXiv: 0812.3539]
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2
[Q2/⇤] A.V. Belitsky et al. [arXiv: hep-ph/0212351]
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Form Factor Results II: GE/GM for the Proton

experimental data: up to Q2 ~ 8.5 GeV2 
consistency between our lattice data 
good agreement with experiment / phenomenology for proton up to Q2 ~ 6 GeV2 
variety in theoretical predictions: lattice data support smoother approach towards 
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Figure 6.1: Shown are existing data and projected errors for measurements of the ratios of the electric and mag-
netic form factors of the proton (left panel) and neutron (right panel). The projected errors for the measurements
made within the Super Bigbite project are shown by the open red squares. On the left panel are shown the
published results of GEp(1) [30], GEp(2) [31], preliminary results from GEp(3) [32] and the projected results
of GEp(5) in a 60-day run [6]. The various theoretical curves are discussed in the text. On the right-hand panel,
for Gn

E
/Gn

M
, we show published data including those due to Madey and co-workers [33], and preliminary results

of GEn(1) (E02-013). We also show the projected errors of GEn(2), which is part of the Super Bigbite project,
and E12-09-006 with SHMS (open blue points).

the virtual photon. For the case of �⇤ = 0 or 180� and ✓⇤ = 90�, the asymmetry A = A?, and is nearly
proportional to G

E

/G
M

. In fact, even if �⇤ is close to 0 and ✓⇤ is close to 90�, it is quite easy to fit the
data to Eq. 6.7.

Whether working with a polarized target or a recoil polarimeter, the double-polarization asymmetry
has only a negligible contribution from two-photon effects, and for high Q2, it has become the gold
standard for any form-factor measurement.

6.2 Physics content of form factors

The ground-state elastic form factors of the proton and the neutron encode fundamental information
that provides us with considerable insight into nucleon structure. Historically, Hofstadter’s measure-
ments of the proton provided us with our first understanding of the proton’s finite size. Today, precision
measurements of the electric and magnetic form factors have provided unprecedented knowledge of
both F

1

and F
2

for both the proton and the neutron. These measurements have both: confirmed scaling
expectations for F

1

, and brought surprises for F
2

. Indeed, the high values of Q2 that can be studied
at CEBAF have presented a significant challenge to theory, and as a result, our picture of the nucleon
has been profoundly changed. Some of the recent theoretical studies of the ground-state FFs provide
new insight into the physical structure of the nucleon, and testing these ideas represents an exciting
opportunity to clarify the structure of the nucleon using QCD degrees of freedom.

pQCD scaling and scaling violations
As was discussed earlier, there exist scaling relations for the form factors F

2

and F
1

, arising essentially
from quark counting rules, that were derived some time ago by Brodsky and Farrar [41]. They argued
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Form Factor Results III: GE/GM for the Neutron

• experimental data: up to Q2 ~ 3.4 GeV2 
• neutron: out lattice data underestimate experiment / phenomenology 

• disconnected diagrams? 
• same qualitative behavior

0 2 4 6 8 10 12
Q2 [GeV2]

�0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

µ
n
G

n E
/G

n M
(Q

2 )

Phenom.

Plat., D5, ~p 0 = (�4, 0, 0)

2-state, D5, ~p 0 = (�4, 0, 0)

2-state, D5, ~p 0 = (�3, �3, 0)

2-state, D6, ~p 0 = (�5, 0, 0)

2 in GeV2Q

0 5 10 15

p M
/G

p E
G

p
µ

-0.5

0.0

0.5

1.0

GEp(1)

GEp(2)

GEp(3) (prelim, stat only)

GEp(5) E12-07-109, SBS

VMD - E. Lomon (2002)

VMD - Bijker and Iachello (2004)

RCQM - G. Miller (2002)

DSE - C. Roberts (2009)

 = 300 MeVΛ, 2)/Q2
Λ/2(Q2 ln∝ 

1
/F

2
F

2 in GeV2Q
0 5 10

n M
/Gn E

G n

0.0

0.5

1.0

VMD - E. Lomon (2002)
RCQM - G. Miller (2002)
DSE - C. Roberts (2009)

 - Schiavilla & Sick
20

d(e,e’d) T

 = 300 MeV, 2)/Q2/2(Q2 ln 1/F2F
Galster fit (1971)

Madey, Hall C
E02-013

E12-09-006, Hall C
E12-09-016, Hall A

Figure 6.1: Shown are existing data and projected errors for measurements of the ratios of the electric and mag-
netic form factors of the proton (left panel) and neutron (right panel). The projected errors for the measurements
made within the Super Bigbite project are shown by the open red squares. On the left panel are shown the
published results of GEp(1) [30], GEp(2) [31], preliminary results from GEp(3) [32] and the projected results
of GEp(5) in a 60-day run [6]. The various theoretical curves are discussed in the text. On the right-hand panel,
for Gn

E
/Gn

M
, we show published data including those due to Madey and co-workers [33], and preliminary results

of GEn(1) (E02-013). We also show the projected errors of GEn(2), which is part of the Super Bigbite project,
and E12-09-006 with SHMS (open blue points).

the virtual photon. For the case of �⇤ = 0 or 180� and ✓⇤ = 90�, the asymmetry A = A?, and is nearly
proportional to G

E

/G
M

. In fact, even if �⇤ is close to 0 and ✓⇤ is close to 90�, it is quite easy to fit the
data to Eq. 6.7.

Whether working with a polarized target or a recoil polarimeter, the double-polarization asymmetry
has only a negligible contribution from two-photon effects, and for high Q2, it has become the gold
standard for any form-factor measurement.

6.2 Physics content of form factors

The ground-state elastic form factors of the proton and the neutron encode fundamental information
that provides us with considerable insight into nucleon structure. Historically, Hofstadter’s measure-
ments of the proton provided us with our first understanding of the proton’s finite size. Today, precision
measurements of the electric and magnetic form factors have provided unprecedented knowledge of
both F

1

and F
2

for both the proton and the neutron. These measurements have both: confirmed scaling
expectations for F

1

, and brought surprises for F
2

. Indeed, the high values of Q2 that can be studied
at CEBAF have presented a significant challenge to theory, and as a result, our picture of the nucleon
has been profoundly changed. Some of the recent theoretical studies of the ground-state FFs provide
new insight into the physical structure of the nucleon, and testing these ideas represents an exciting
opportunity to clarify the structure of the nucleon using QCD degrees of freedom.

pQCD scaling and scaling violations
As was discussed earlier, there exist scaling relations for the form factors F

2

and F
1

, arising essentially
from quark counting rules, that were derived some time ago by Brodsky and Farrar [41]. They argued
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Form Factor Results IV: Individual Form Factors

shallow trend towards phenom. with increasing source-sink separation 
similar qualitative behavior, overestimation of phenom. prediction

(comparison to [W. M. Alberico et al.] )[arXiv: 0812.3539]
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Form Factor Results IV: Individual Form Factors
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discrepancies for individual form factors 
a thorough investigation is needed
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Form Factor Contributions from u,d Quarks
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discrepancies observed for form factors of up- and down- quarks 
qualitative agreement of characteristic features
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understand/resolve disagreement for individual form factors F1, F2 

complete investigation of excited state effects 

consider other systematic effects 

O(a)  improvement 

physical pion mass 

continuum extrapolation 

disconnected diagrams on the way

High-Momentum TODO List
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TMD Calculations on a Lattice

!

"

!"#$%&!

'
"
(
)*

!

$%+,&!

-(
.)
&!

/
$"
&
!
0

111 11
1

Transerse-mom.dependent quark PDFs probed in SIDIS

l +N(P ) �! l0 +N(Ph) +X

!

!

"
#"

!

#""!

#"#spacelike link path to account  
for final state interactions

�̂ =
P · v
mN |v| � ⇥

�(b, P, S, ⇣̂, µ)=
1

2
hP, S| q̄(0)�U(⌘v, b) q(b) |P, Si

Non-local lattice operator [B.Musch, Ph.Hagler, et al '10]

One of the primary EIC goals to study 3D nucleon image
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Lattice TMD Amplitudes and TM "Shifts"
Unpolarized parton density (Γ = 𝛾+) in a polarized nucleon 
[B.Musch, Ph.Hagler, et al, PRD85:094510 (2012)]
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cancels in the ratio yielding the "Sivers shift"
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Sivers "Shift"  vs. Operator Geometry
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Boer-Mulders and Sivers "Shift" vs. CS parameter
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2018-2019 preliminary results 
(21,500 samples on D5 (reduced m𝜋)  
PN up to 1.65 GeV (extended 𝜁 range)
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Next: Generalize to GTMD ⇒ Quark OAM
Generalization to GTMDs: Quark Orbital Angular Momentum

LU
3 = dx d2kT d2rT (rT × kT )3 W

U(x, kT , rT ) Wigner distribution
∫ ∫ ∫

= ϵij
∂

∂zT,i

∂

∂∆T,j
⟨p′, S | ψ(−z/2)γ+U [−z/2, z/2]ψ(z/2) | p, S⟩

∣∣
z+=z−=0 , ∆T=0 , zT→0

Perform ∆T -derivative using Rome method (Phys. Lett. B718 (2012) 589)

G(x, y; p⃗) = e−ip⃗(x⃗−y⃗)G(x, y)

∂

∂pj
G(x, y; p⃗)

∣∣∣∣
p⃗=0

= −i G(x, z)ΓjV G(z, y)

Clover fermions: ΓjV G(z, y) = U†
j (z − ȷ̂)

1 + γj

2
G(z − ȷ̂, y)− Uj(z)

1− γj

2
G(z + ȷ̂, y)

(further contributions from derivatives of source/sink smearings)

∑
q

Proton radius calculation with the "Rome method" previously reported in  
[N.Hasan, J.Green, et al (LHPC) PRD97:034504(2018)]
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Quark OAM: Ji(η = 0) and Jaffe-Manohar (η→∞)

Ji's definition of quark OAM: 
straight link (η = 0) 

 
qOAM point from Ji's sum rule  
[J. Bratt et al (LHPC) 2010] 
 
better agrement than finite-diff. result 
[arxiv:1701.01536]

Jaffe-Manohar's qOAM: 
staple η →∞ 

(Figure: L[JM] / L[Ji] ratio) 

struck quark leaving proton in SIDIS 
accumulates +30-50% orbital torque 

[M.Burkardt 2013]

m𝜋=317 MeV a=0.114fm ("C13")  
[PoS SPIN2018 (2019) 047 (arXiv:1901.00843)]
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2019 Request Highlights

[TMD-T] Repeating TMD calculation on D6 (m𝜋=170 MeV) with ≈10,000 statistics 

16.2 M Jpsich-equivalent GPU time 

[GTMD-L] Computing quark OAM on D5 (m𝜋=280 MeV) with ≈21,500 statistics  

13.2 M Jpsich-equivalent GPU time 

[DISCO] Computing disconnected diagrams for high-momentum FF on D6 
12.8 M Jpsich-equivalent GPU time


